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We develop a theoretical framework for the description of light emission from plasmonic contacts
based on the nonequilibrium Green function formalism. Our theory establishes a fundamental
link between the finite-frequency quantum noise and AC conductance of the contact and the light
emission. Calculating the quantum noise to higher orders in the electron-plasmon interaction, we
identify a plasmon-induced electron-electron interaction as the source of experimentally observed
above-threshold light emission from biased STM contacts. Our findings provide important insight
into the effect of interactions on the light emission from atomic-scale contacts.
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Introduction.—Atomic-size contacts [1], realized, e.g.,
in scanning tunneling microscopy (STM), provide a
unique platform to study fundamental quantum trans-
port phenomena such as, e.g., conductance quantiza-
tion [2], suppression of shot noise [3], and vibrational
inelastic effects on the conductance and shot noise [4, 5].
Recently, light emitted from STM contacts due to inelas-
tic electron scattering off localized plasmons was used as
a probe of the shot noise at optical frequencies [6]. Apart
from standard emission due to one-electron scattering
processes with photon energy ~ω < eV , the observation
of above-threshold emission with ~ω > eV indicates that
interaction effects on the noise are probed [6, 7]. Emission
from atomic-scale contacts is thus well-suited for study-
ing the fundamental properties of high-frequency quan-
tum noise.
The role of quantum noise as excitation source of elec-
tromagnetic fields is known from theoretical work on
mesoscopic conductors [8–11]. The emission is related to
the positive frequency part, S(ω > 0), of the asymmetric
quantum shot noise
S(ω) =
∫
dt e−iωt〈δI(0)δI(t)〉, (1)
where δI = I−〈I〉 and I is the current operator, whereas
the absorption is connected to the negative frequency
part, S(ω < 0). The study of finite-frequency noise and
the associated emission has been attracting attention in
atomic-scale [6, 7], molecular [12–16] and mesoscopic con-
ductors [17–27], and may shed light on fundamental is-
sues in molecular optoelectronics [14] and quantum plas-
monics [28–30] as well as the origin of above-threshold
emission. For the latter, different interactions have been
addressed [26, 31–33]. However, a complete picture and
a systematic treatment are lacking.
Here, we develop a microscopic theory for plasmonic
light emission in atomic-scale contacts based on the
Keldysh nonequilibrium Green function (GF) formal-
ism [34, 35]. Our approach allows for a systematic calcu-
lation of the light emission to higher orders in the inter-
action between the tunnel current and localized surface-
plasmon polaritions (LSPs) supported by the contact.
LSPs are instrumental to light emission [29, 36–38] and
serve as a direct probe of the quantum noise [6] due to
their radiative nature and the enhanced electron-plasmon
(el-pl) interaction which results from the strong local
fields associated with them (see Fig. 1(a)) [39]. We here
establish the link between the quantum noise and plas-
monic light within the Keldysh GF formalism and fur-
thermore discuss the relation to the AC conductance.
Studying a generic contact model, we find that the exper-
imentally observed above-threshold emission [6, 7] stems
from higher-order contributions to the quantum noise as-
sociated with the plasmon-induced two-electron scatter-
ing process illustrated in Fig. 1(b).
Theory.—We consider a single radiative LSP mode
with frequency ωpl (see Fig. 1(a)) represented by the
quantized vector potential field
A(r) = ξpl(r)
√
~
2Ω0ωpl
(
a† + a
)
, (2)
where Ω is a quantization volume and ξpl is a mode vector
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FIG. 1. (Color online) (a) Plasmonic STM contact. The
inset illustrates the spectrum of the localized surface-plasmon
polarition (LSP) supported by the contact. (b) Schematic
illustration of the one and two-electron scattering processes
responsible for the 1e (~ω < eV ; dashed lines) and 2e (eV <
~ω < 2eV ; full lines) light emission.
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2describing the spatial distribution of the field [40]. The
interaction between the LSP and the tunnel current is
given by the standard coupling term
Hel-pl =
∫
dr jel(r) ·A(r), (3)
where jel = j
∇
el + j
A
el is the electronic current density,
and j∇el and j
A
el the paramagnetic and diamagnetic com-
ponents, respectively.
The excitation dynamics of the LSP and the emission
is encoded in the LSP GF D(τ, τ ′) = −i〈TcA(τ)A(τ ′)〉
where A = a + a† and Tc is the time-ordering operator
on the Keldysh contour. The retarded and lesser compo-
nents of the GF are given by their respective Dyson and
Keldysh equations,
Dr(ω) = dr0(ω) + d
r
0(ω)Π
r(ω)Dr(ω), (4)
and
D<(ω) = Dr(ω)Π<(ω)Da(ω), (5)
where dr0(ω) =
2ωpl
(ω+i0+)2−ω2pl
is the bare GF and Π =
Πel + Πrad + Πeh is the irreducible self-energy which
accounts for the interaction with the tunneling current
(Πel) as well as radiative decay (Πrad) and decay into
bulk electron-hole pair excitation (Πeh). The latter two
are modeled with phenomenological damping parameters
γrad/eh with self-energies Π
r
rad/eh(ω) = −iγrad/ehsgn(ω)/2
and Π
>/<
rad/eh(ω) = −iγrad/eh|nB(∓ω)|, where nB is the
Bose-Einstein distribution function, and give rise to a
broadened LSP, Dr0(ω) =
2ωpl
ω2−ω2pl−iωplγ0
, with width γ0 =
γrad + γeh.
The excitation, damping and broadening of the LSP
due to the el-pl interaction (3) are governed by the el-
pl self-energy, Πel = Π
∇ + ΠA. To lowest order in the
interaction, the two contributions are given by [41]
Π∇(τ, τ ′) = −i〈Tcδj(τ)δj(τ ′)〉0, (6)
and
ΠA(τ, τ ′) = δ(τ − τ ′)〈ρ(τ)〉0, (7)
respectively, where δj = j − 〈j〉0,
j =
√
~
2Ω0ωpl
∫
dr ξpl(r) · j∇el (r) (8)
is the projection of the current operator onto the LSP
mode vector,
ρ = − e
2
me
~
2Ω0ωpl
∫
dr ξpl(r) · ξpl(r)Ψ†(r)Ψ(r) (9)
is the mode-weighted electron-density operator and 〈·〉0
is the expectation value in the absence of the el-pl inter-
action (3). The diamagnetic self-energy does not affect
the LSP dynamics as it only depends on the static charge
density 〈ρ〉0, and is here neglected.
From a perturbative expansion of the LSP GF in the
paramagnetic interaction, we find that the exact param-
agnetic self-energy is given by [42]
Π∇(τ, τ ′) = −iSirr(τ, τ ′), (10)
valid to all orders in the el-pl interaction. Here, Sirr
is the irreducible part of the current-current correlation
function S(τ, τ ′) = 〈Tcδj(τ)δj(τ ′)〉 [43] and the expec-
tation value 〈·〉 is with respect to the Hamiltonian that
includes the el-pl interaction (3).
Focusing on the case where the el-pl coupling (8) is
proportional to the current operator I, the lesser and re-
tarded components of the correlation function S are given
by the quantum noise in Eq. (1) and the response func-
tion Kr(t − t′) = −iΘ(t − t′)〈[I(t), I(t′)]〉, respectively.
From the important formal result (10), it then follows
that the lesser Π∇,< = −iS<irr and retarded Π∇,r = −iSrirr
self-energies are directly related to these quantities, thus
connecting the damping of the LSP to the dissipative
real part of the AC conductance G(ω) = iKr(ω)/ω of the
contact. These quantities are connected via [44]
− 2ωReG = 2ImKr(ω) = S(ω)− S(−ω), (11)
which may be regarded as a nonequilibrium fluctuation-
dissipation relation. This demonstrates a fundamental
connection between quantum noise and AC conductance
previously discussed in Refs. 8 and 45.
To connect the quantum noise to the light emission,
we consider the radiative decay of the LSP into a reser-
voir of far-field modes, Hfar-field =
∑
λ ~ωλa
†
λaλ, with the
associated exchange rate per unit frequency given by
Γrad(ω) = Π
<
rad(ω)D
>(ω)−Π>rad(ω)D<(ω). (12)
Here, the two terms account for absorption and emission,
respectively, in agreement with Eq. (1) [44]. The emitted
light is thus governed by D<(ω) = −B(ω) Π<(ω)2ImΠr(ω)
T=0,
ω>0
=
−B(ω) Π<el(ω)2ImΠr(ω) , where B = −2ImDr is the LSP spectral
function (see Fig. 1(a)), showing that it resembles the
LSP spectrum and is driven by Π<el . With the above, we
have established the link between plasmonic light emis-
sion and the quantum noise and AC conductance.
Generic model and results.—With the formal theory
established, we go on to study the light emission and
finite-frequency noise in a generic model for an atomic-
scale STM contact consisting of a spin-degenerate elec-
tronic state/conduction channel coupled to bulk lead
reservoirs of the STM tip and substrate,
H = ε0
∑
σ
d†σdσ +
∑
α
Hα+HT +Hel-pl +~ωpla†a. (13)
Here, ε0 = 0 is the energy of the electronic level
and Hα =
∑
k εk,αc
†
kαckα, α = {tip, sub} is the
3= + Π∇
Π∇ = −i×
[
+ + + . . .
]
→
FIG. 2. (Color online) (top) Dyson equation for the LSP GF
where Π∇ denotes the paramagnetic el-pl self-energy. (cen-
ter) Perturbation expansion of the self-energy showing the
diagrams up to 4’th order in the el-pl interaction. (bot-
tom) The 6’th order diagrams responsible for the 2e emis-
sion can be obtained by replacing the broadened LSP GF
with its 2’nd order correction (a plasmon excited by elec-
tron tunneling) in the 4’th order diagrams. Feynman dictio-
nary: •: el-pl interaction; solid lines: electronic contact GF
Gij(τ, τ
′) = −i〈Tcci(τ)c†j(τ ′)〉0, i, j = tip, sub, d; thin wig-
gly lines: broadened LSP GF D0(τ, τ
′) = −i〈TcA(τ)A(τ ′)〉0.
Hamiltonian of the reservoirs with chemical potentials
µtip/sub = ±V/2. The coupling to the reservoirs, HT =∑
α,k t
α
k (c
†
kαd + h.c.), leads to tunnel broadenings Γα =
2piρα|tα|2 which define tunneling (Γsub  Γtip) and con-
tact (Γsub ∼ Γtip) regimes. For Γ = Γtip + Γsub 
eV, kBT , the DC conductance is given by G = G0T where
G0 = 2e
2/h and T = 4ΓtipΓsub/Γ
2 is the transmission
coefficient.
The el-pl interaction takes the form Hel-pl =∑
αMαIα(a
† + a), where Iα = i
∑
k(tαc
†
kαd − h.c.) is
the paramagnetic current operator at reservoir α and
Mα =
e
~
√
~
2Ω0ωpl
lα is a dimensionless coupling con-
stant with lα a characteristic length scale for the inter-
action [46]. To describe the experimental light emis-
sion [6, 7], we take the el-pl coupling to be given by
|Mtip/sub| = M with Mtip = −Msub, which implies that
the LSP couples to the total current Itot = Itip − Isub
through the contact [47]. The paramagnetic self-energy
can now be written as a sum over lead-lead components,
Π∇ =
∑
αβ Π
∇
αβ , where
Π∇αβ(τ, τ
′) = −iMαMβSirrαβ(τ, τ ′), (14)
with Sαβ(τ, τ
′) = 〈TcδIα(τ)δIβ(τ ′)〉 and δIα = Iα−〈Iα〉.
With the above-mentioned assumption for the coupling
constant, we have Π∇(τ, τ ′) = −iM2Sirr(τ, τ ′) where
S(τ, τ ′) = 〈TcδItot(τ)δItot(τ ′)〉.
In the following, we proceed with a perturbative cal-
culation of the irreducible el-pl self-energy illustrated in
terms of Feynman diagrams in Fig. 2 (see Ref. [42] for
details). We focus on the regime Γ  ~ωpl, eV, kBT and
take kBT = 0, corresponding to the experimentally rele-
vant situation kBT  ~ωpl where the current is the only
excitation source for the LSP.
Figure 3(a) shows the numerically calculated (irre-
ducible) emission noise to different orders in the el-pl
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FIG. 3. (Color online) (a) Noise spectrum to different orders
in the el-pl interaction (n = 0: solid, n = 2: dashed, and
n = 4: dotted lines) for a contact with T ∼ 0.2. The inset
shows a zoom of the noise spectrum at ω & eV . (b) and (c)
Integrated 1e and 2e emission noise and Fano factors at V =
1.6 V vs conductance and transmission, respectively. The
dash-dotted lines in (c) show the indicated analytic functions.
(d) Integrated 2e emission yield vs conductance at V = 1.6 V.
The circles show the experimental 2e yield from Ref. [6]. In
(c) and (d), the Fano factors and yields have been normalized
to unity at their maximum value (the 1e Fano factors have
been normalized with the n = 0 maximum). Parameters:
ωpl = 1.5 eV, γ0 = 0.2 eV, M = 0.1, Γtip = 10 eV.
interaction (the order of the corresponding self-energy
is n + 2) for a contact with T ∼ 0.2 and LSP param-
eters resembling the experiment [6]. The lowest-order
(n = 0) noninteracting quantum noise (full lines in
Fig. 3(a)) is given by the bare bubble diagram. In the
limit Γ eV, ~ω, kBT , we find, in agreement with previ-
ous works [9, 48], that the noninteracting noise spectrum
is given by [49]
S<0 (ω) ≈
4× 2
2pi
[
T (1− T ) [H(ω + eV ) +H(ω − eV )]
+ 2T 2H(ω)
]
, (15)
where H(x) = xnB(x). At kBT = 0, the emission part
simplifies to S<0 (ω > 0) ∼ T (1 − T )Θ(eV − ω)(eV − ω),
and is hence suppressed at perfect transmission and cut
off at ω = eV , i.e. in this order only emission with ω <
eV (1e) via the one-electron scattering process illustrated
in Fig. 1(b) (dashed lines) is included.
The lowest-order corrections (n = 2)—a bubble with
a “plasmon-dressed” contact GF and one with a vertex
correction—give rise to a reduction of the emission noise
(dashed lines in Fig. 3(a) and are cut off at ω = eV like
the noninteracting noise.
4The above-threshold emission is contained in the 4’th
order (n = 4) quantum noise. At kBT = 0, it origi-
nates from the coherent two-electron scattering process
illustrated in Fig. 1(b), which corresponds to a plasmon-
induced electron-electron (el-el) interaction. To identify
the associated self-energy diagrams we employ the optical
theorem stating that the imaginary part of a self-energy
diagram is given by the sum of squared scattering ampli-
tudes from possible “on-shell” cuts of the self-energy [50].
The relevant self-energy diagrams are therefore identified
as the two n = 2 diagrams with the damped LSP GF re-
placed by its lowest-order correction (see bottom Fig. 2).
The two diagrams give rise to the ω > eV component
(2e) of the noise shown in the inset of Fig. 3(a) (dotted
lines) which is cut off at ω = 2eV . The cutoff stems from
the above-mentioned scattering process, where an initial
emission process exciting the plasmon [wiggly (red) line
in Fig. 1(b)] is followed by an absorption process gener-
ating a “hot electron” which can emit at above-threshold
energies eV < ω < 2eV . At finite temperature, “hot
electrons” can also be generated from thermally excited
plasmons. However, at kBT  ~ωpl this process is negli-
gible.
To further analyze the quantum noise, we show in
Figure 3(b) the integrated 1e (0 < ω < eV ) and 2e
(eV < ω < 2eV ) components [6, 7] of the emission noise
at V = 1.6 V as a function of the conductance. In the
tunneling regime, G  G0, the noise components are
found to scale with the conductance as S<1e ∼ G and
S<2e ∼ G2, respectively, emphasizing that they involve
one and two-electron scattering processes. Moreover, at
perfect transmission, G ∼ G0, both the 1e and 2e noise
are suppressed. For the 1e noise, the n = 2 corrections
do not change this qualitatively. We emphasize that the
suppression of emission noise at T = 1 only holds in the
considered large-Γ limit [42].
The fact that the 2e noise shows a G2 dependence in
the tunneling regime and is suppressed at contact, sug-
gests that it scales as the square of the prefactor in the
noninteracting noise, i.e. S<2e ∼ T 2(1 − T )2. To test
this hypothesis, we inspect the finite-frequency Fano fac-
tor F (ω) = S(ω)/eI which should then scale with the
transmission coefficient as
F1e ∼ 1− T and F2e ∼ T (1− T )2, (16)
with the maximum of F2e occurring at T = 1/3. The
integrated Fano factors shown in Fig. 3(c) are in excel-
lent agreement with our expectations, confirming the an-
ticipated scaling of the 2e emission noise. The ratio of
the 1e and 2e emission noise thus scales with the cou-
pling constant and transmission coefficient as S<2e/S
<
1e ∼
M4T (1− T ).
Next, we discuss the emission spectrum shown in Fig. 4
as a function of bias voltage and conductance. As ex-
pected, the emission which resembles the LSP spectrum
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FIG. 4. (Color online) (a) Emission spectrum vs applied volt-
age for a contact with T ∼ 0.2. (b) Emission spectrum vs
transmission coefficient at V = 1.6 V. The plots shows the
emission rate Γrad(ω) ∝ −ImD<(ω) in units of γrad on a
logarithmic scale. Parameters: ωpl = 1.5 eV, γ0 = 0.2 eV,
M = 0.1, Γtip = 10 eV.
has a dominant 1e component which is driven by the non-
interacting quantum noise, and a weaker 2e component
driven by the higher-order quantum noise. Due to the
predicted T dependence of the quantum noise, both the
1e and 2e emission peak at G ∼ 0.5 G0 and are strongly
reduced at G ∼ G0. This counter intuitive behavior at
perfect transmission where the current is maximized and
one naively would expect the same for the emission, is a
unique fingerprint of the quantum noise origin.
The tunneling-induced damping of the LSP associated
with the dissipative part of the AC conductance gives rise
to an additional spectral broadening γel = −2ImΠ∇,r. In
the large Γ-limit and to lowest order in the el-pl inter-
action, ReG(ω) = G0T and γel = 8ω/piM2T . Contrary
to the emission noise, it does not vanish at T = 1 and
is independent of the bias voltage. Due to the nondis-
sipative part of the AC conductance (real part of the
self-energy) the LSP resonance redshifts (∼ 0.1 eV) with
increasing conductance in Fig. 4(b). Similar spectral
features have been observed in subnanometer plasmonic
contacts [28, 51], though the importance of tunneling ver-
sus other mechanisms is unclear [52–56]. Our findings in-
dicate that electron tunneling plays a nonnegligible role
in the quantum regime.
Finally, in Fig. 3(d) we show the calculated 2e emis-
sion yield, defined as emission per current, as a function
of conductance together with the experimental 2e pho-
ton yield from Ref. [6]. Compared to the Fano factor in
Fig. 3(c), the above-mentioned spectral changes result in
a slight left shift of the curve for the yield. The agreement
with the experimental 2e yield is very good, indicating
that we have identified the mechanism responsible for 2e
emission. At G ∼ G0, however, the experimental yields
do not show complete suppression (see Ref. [6]). This dis-
crepancy can be due to experimental factors such as: (i)
imperfect or additional transmission channels [6], and/or
(ii) changes in the LSP mode and el-pl coupling as the
tip-substrate distance is reduced [57].
Summary.—To summarize, we have presented a frame-
5work based on the Keldysh GF formalism for the de-
scription of light emission from plasmonic contacts and
established the connection between the quantum noise
and AC conductance of the contact and the light emis-
sion. Studying a generic contact model, we have identi-
fied a plasmon-induced el-el interaction associated with
the higher-order quantum noise as the mechanisms be-
hind the experimentally observed above-threshold emis-
sion [6, 7]. Our approach, which can be generalized to
more complex situations, paves the way for a better un-
derstanding of the effect of interactions on light emission
and quantum noise in atomic-scale and molecular con-
tacts.
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I. LSP GREEN’S FUNCTION
The central object of interest for our description of
plasmonic light emission from biased STM contacts, is
the contour-ordered GF for the localized surface-plasmon
polariton (LSP) of the contact represented by the quan-
tized vector potential
A(r) = ξpl(r)
√
~
2Ω0ωpl
(
a† + a
)
, (1)
where Ω is a quantization volume and ξpl is the mode
vector. The contour-ordered GF is defined by
D(τ, τ ′) = −i〈TcA(τ)A(τ ′)〉, (2)
where A = a + a† and Tc is the time-ordering operator
on the Keldysh contour. In the presence of interactions,
it obeys the Dyson equation
D(τ, τ ′) = d0(τ, τ ′) +
∫
dτ1
∫
dτ2
× d0(τ, τ1)Π(τ1, τ2)D(τ2, τ ′), (3)
where d0 is the bare GF and Π is the irreducible self-
energy.
A. Electron-plasmon self-energy
In order to establish an exact expression for the el-pl
self-energy, we start from the perturbation expansion of
the LSP GF in terms of the S-matrix on the Keldysh
contour,
Sc = Tc exp
[
−i
∫
c
dτ1V (τ1)
]
, (4)
where
V =
∫
dr jel(r) ·A(r) (5)
is the el-pl interaction accounting for the interaction with
the tunnel current, jel = j
∇+ jA, which is a sum of para-
magnetic and diamagnetic components. As explained
in the main text, we here neglect the diamagnetic com-
ponent and focus on the paramagnetic self-energy, Π∇,
which governs the excitation dynamics of the LSP.
Introducing the current operator
j =
√
~
2V 0ωpl
∫
dr ξpl(r) · j∇(r), (6)
the S-matrix expansion of the LSP GF in the paramag-
netic interaction can be written
D(τ, τ ′) = −i〈TcScA(τ)A(τ ′)〉0
= −i
∞∑
n=0
(−i)n
n!
∫
dτ1 · · ·
∫
dτn〈TcA(τ)V (τ1) · · ·V (τn)A(τ ′)〉con0
= −i
∞∑
n=0
(−i)2n
(2n)!
∫
dτ1 · · ·
∫
dτ2n〈TcA(τ)A(τ1) · · ·A(τ2n)A(τ ′)〉0〈Tcj(τ1) · · · j(τ2n)〉0, (7)
where the sum is over connected diagrams and, in the last equality, we have replaced n→ 2n (the expectation value
of an odd number of boson operators is zero, implying that only even orders contribute in the perturbation series).
In order to identify the bosonic self-energy from the perturbation series, the expectation value of the time-ordered
2bosonic operators is rewritten as
〈TcA(τ)A(τ1) · · ·A(τ2n)A(τ ′)〉0 = 2n(2n− 1)〈TcA(τ)A(τ1)〉0〈TcA(τ2) · · ·A(τ2n−1)〉0〈TcA(τ2n)A(τ ′)〉0 (8)
The factor of 2n(2n − 1) on the right-hand side comes from number of ways two internal times can be paired up
with the two external times τ, τ ′ in the Wick’s contraction of the bosonic expectation value. For each pairing τ, τn
and τ ′, τn′ , the contractions of the remaining 2n − 2 internal boson operators are recollected in the uncontracted
expectation value.
The GF can now be written
D(τ, τ ′) = d0(τ, τ ′) +
∫
dτ1
∫
dτ2 d0(τ, τ1)Π
∇(τ1, τ2)d0(τ2, τ ′) (9)
where the reducible self-energy is defined by
Π∇(τ, τ ′) = i
∞∑
n=1
(−i)2n
(2n)!
2n(2n− 1)
∫
dτ1 · · ·
∫
dτ2n−2 〈Tcj(τ)j(τ1) · · · j(τ2n−2)j(τ ′)〉0〈TcA(τ1) · · ·A(τ2n−2)〉0
= −i
∞∑
n=0
(−i)2n
(2n)!
∫
dτ1 · · ·
∫
dτ2n 〈Tcj(τ)j(τ1) · · · j(τ2n)j(τ ′)〉0〈TcA(τ1) · · ·A(τ2n)〉0
≡ −iS(τ, τ ′). (10)
Here, we have identified the sum over connected dia-
grams in the second line as the perturbation expansion of
the correlation function S(τ, τ ′) = 〈Tcδj(τ)δj(τ ′)〉 where
δj = j − 〈j〉. Writing out the correlation function we
have S(τ, τ ′) = 〈Tcj(τ)j(τ ′)〉 − 〈j〉2. Here, the last term
cancels the disconnected diagrams from the perturbation
expansion of the first term which do not appear in the
expansion for the LSP GF in Eq. (7).
From the above, it follows trivially that the irreducible
self-energy is given by
Π∇(τ, τ ′) ≡ −iSirr(τ, τ ′), (11)
where Sirr is the irreducible part of the correlation func-
tion S.
B. Self-energy for the contact model
For the simple contact model considered in the main
text, the paramagnetic part of the interaction can be
written on the form1
V =
∑
α
MαIα(a
† + a ) (12)
where Mα is the coupling constant at lead α and the
paramagnetic current operator is defined by
Iα = i
∑
k
[
tαc
†
αkd− h.c
]
, (13)
where the sum is over states k in the lead. It is here
assumed that the tunnel coupling tα and the coupling
constant Mα are independent on the state index k.
Repeating the perturbation expansion for the plas-
monic GF in the preceding section with the interac-
tion in Eq. (12), we find that the paramagnetic self-
energy can be written as a sum over lead components,
Π∇ =
∑
αβ Π
∇
αβ , where
Π∇αβ(τ, τ
′) = −iMαMβSirrαβ(τ, τ ′), (14)
and Sαβ(τ, τ
′) = 〈TcδIα(τ)δIβ(τ ′)〉 is the reducible cor-
relation function with δIα = Iα − 〈Iα〉.
1. Identities for the self-energy
From the hermitian property of the paramagnetic
current operator Iα, the following set of identities be-
tween the different lead-lead components of the re-
tarded/advanced and lesser/greater self-energies can be
derived.
For the retarded/advanced components we have
Πrαβ(ω) =
[
Πaβα(ω)
]∗
= Πaβα(−ω) =
[
Πrαβ(−ω)
]∗
. (15)
For the lesser/greater components,
Π<αβ(ω) = Π
>
βα(−ω). (16)
In addition, the components of the lesser self-energy in
frequency domain are related as
[Π<αβ(ω)]
∗ = −Π<βα(ω). (17)
Hence, the diagonals Π<αα are purely imaginary while the
off-diagonal elements, in general, have both a real and an
imaginary part. Note, however, that the real parts of the
off-diagonal components cancel each other, implying that
the total lesser self-energy becomes purely imaginary.
3II. PERTURBATION SERIES FOR THE
SELF-ENERGY
The perturbation series and the rules for evaluating the
corresponding Feynman diagrams are most easily devel-
oped by writing the el-pl interaction (12) on the general
form
V =
∑
ij
Mijc
†
i cj(a
† + a ) (18)
where i, j = α, d and α = L,R is a composite lead/state
index, α = (α, k). With the interaction written on this
form, the el-pl interaction (12) can be represented by the
coupling matrix
M = i
 0 −tLML −tRMRtLML 0 0
tRMR 0 0
 , (19)
in the (d, L,R) basis.
We can now write up the perturbation series for the
lead-lead components of the self-energy and get
Π∇αβ(τ, τ
′) = −iMαMβ
∞∑
n=0
(−i)n
n!
∫
dτ1 · · ·
∫
dτn〈TIα(τ)V (τ1) · · ·V (τn)Iβ(τ ′)〉con0
= −i
∑
ij∈{α,d}
∑
i′j′∈{β,d}
MijMi′j′
∞∑
n=0
(−i)2n
(2n)!
∫
dτ1 · · ·
∫
dτ2n
∑
i1j1···i2nj2n
Mi1j1 · · ·Mi2nj2n
× 〈Tcc†i (τ)cj(τ)c†i1(τ1)cj1(τ1) · · · c†i2n(τ2n)cj2n(τ2n)c†i′(τ ′)cj′(τ ′)〉0〈TcA(τ1) · · ·A(τ2n)〉0. (20)
Here the first two sums over i, j and i′, j′ are associated
with the current operators appearing explicitly in the
correlation function Sαβ .
A. The contact GF
Given the structure of the perturbation series in (20)
above, the fundamental building block in the Feynman
diagrams for the self-energy is identified as the contact
Green’s function defined by
Gij(τ, τ
′) = −i〈Tcci(τ)c†j(τ ′)〉0, (21)
where i, j = α, d.
In the absence of interactions, i.e. only tunneling be-
tween the leads and the level is included, the components
of the contact GF are given by
Gdd(τ, τ
′) = gd(τ, τ ′)
+
∫
dτ1
∫
dτ2 gd(τ, τ1)Σ(τ1, τ2)Gdd(τ2, τ
′) (22)
Gαd(τ, τ
′) =
∫
dτ1 tαgα(τ, τ1)Gdd(τ1, τ
′) (23)
Gdα(τ, τ
′) =
∫
dτ1Gdd(τ, τ1)t
∗
αgα(τ1, τ
′) (24)
Gαβ(τ, τ
′) = δαβgα(τ, τ ′)
+
∫
dτ1
∫
dτ2 gα(τ, τ1)tαGdd(τ1, τ2)t
∗
αgβ(τ2, τ
′) (25)
where Σ = ΣL + ΣR, Σα =
∑
k|tα|2gα is the self-energy
due to the coupling to the leads here described within
the wide-band limit, and gα/d is the bare lead/dot GFs.
B. Feynman rules
The perturbation series for the self-energy in (20) can
be represented by the Feynman diagrams familiar from
perturbation expansions of other two-particle GFs in the
presence of an electron-boson interaction (see Fig. 2 of
the main text)2. Here, we give the Feynman rules that
apply to the present case:
• At order 2n, draw 2n+ 2 vertices.
• Label each vertex with i, j indices and multiply by
Mij .
• Connect vertices with the components of the con-
tact GFs (21) matching the in/out going vertex in-
dices.
• Connect internal vertices with bare boson GFs.
• At each vertex, sum over the states of the involved
lead. The appearence of
∑
k tα/
∑
k t
∗
α at each ver-
tex, implies that the component of the contact GF
entering/exiting the vertex with a lead index can
be replaced according to:
– Gαβ(τ, τ
′)→ δαβΣα(τ, τ ′)
+
∫
dτ1
∫
dτ2 Σα(τ, τ1)Gdd(τ1, τ2)Σβ(τ2, τ
′)
4– Gαd(τ, τ
′)→ ∫ dτ1Σα(τ, τ1)Gdd(τ1, τ ′)
– Gdα(τ, τ
′)→ ∫ dτ1Gdd(τ, τ1)Σα(τ1, τ ′) ,
i.e., only the k-summed lead-dot/dot-lead/lead-
lead GFs appear in the perturbation series.
• Integrate over all internal contour times.
• Factor of −1 for each fermion loop.
• Factor of −i× in+2 at order 2n.
The evaluation of the self-energy (retarded/advanced and
lesser/greater) on the real-time axis can be accomplished
using Keldysh GFs3.
III. GFS IN KELDYSH SPACE
In a perturbative calculation of the self-energy, it can
be advantageous to work with the GFs in Keldysh space
spanned by the forward (−) and backward (+) branches
of the Keldysh contour3. The GFs are here expressed as
2× 2 matrices (indicated by the ˇ sign in the following),
Gˇ =
(
G−− G−+
G+− G++
)
, (26)
with the components corresponding to the different com-
binations for the positions of the two time arguments on
the contour.
This formulation formally arises from the contour in-
tegrals which can be recast to real-time integrals as∫
c
dτi →
∫
− dt
−
i +
∫
+
dt+i =
∫
dt−i −
∫
dt+i . For an ex-
pression on the contour like
X(τ, τ ′) =
∫
c
dτ1dτ2 · · · dτn
×A1(τ, τ1)A2(τ1, τ2) · · ·An(τn, τ ′) (27)
which contain n contour integrals, the different real-time
components in Keldysh space can hence be obtained as
Xσσ
′
(t, t′) =
∑
σ1σ2...σn
η1η2 · · · ηn
∫
dt1dt2 · · · dtn
×Aσσ11 (t, t1)Aσ1σ22 (t1, t2) · · ·Aσnσ
′
n (tn, t
′), (28)
where σi = −/+ is the contour branch index and ηi =
+/− is the accompanying sign. The prefactor in front of
the integrals hence keeps track of the overall sign aris-
ing from the contour variables residing on the backward
branch.
The GF in Keldysh space obeys the Dyson equation
Gˇ = gˇ0 + gˇ0σˇ3Σˇσˇ3Gˇ, (29)
where σˇi denotes the Pauli matrices, and can hence be
obtained in the usual way as
Gˇ−1 = gˇ−10 − σˇ3Σˇσˇ3, (30)
where g0 is the bare GF and Σ is the self-energy account-
ing for interactions and couplings to, e.g., external leads.
The self-energy is defined as
Σˇ =
(
Σ−− Σ−+
Σ+− Σ++
)
, (31)
and the matrix product with the Pauli matrices in (30)
adds a minus sign to the off-diagonal elements in order
to account for the above-mentioned sign arising from the
contour integration in the Dyson equation.
When the bare GF gˇ0 is diagonal, the full GF is given
by
Gˇ =
1
G ×
(−(g++0 )−1 + Σ++ Σ−+
Σ+− −(g−−0 )−1 + Σ−−
)
,
(32)
where the denominator of the prefactor is given by
G = Σ−+Σ+− − [(g−−0 )−1 − Σ−−] [(g++0 )−1 − Σ++]
(33)
For cases where Σ−− = Σ++ and g−−0 = −g++0 (see,
e.g., below), the denominator of the prefactor simplifies
to G = ΣrΣa − (g−−0 )−1(g++0 )−1.
The above also holds for a bosonic GFs.
In the subsections below, we give expressions for some
of the Keldysh space GFs relevant for the present work.
A. GF for electronic level coupled to leads
For a single electronic level the, the GF in the absence
of coupling to leads and interactions is given by2
gˇ0(ε) =
(
g−−(ε) 0
0 g++(ε)
)
. (34)
where g−−(ε) = 1ε−ε0+isgn(ε) and g
++(ε) = −g−−(ε).
The self-energy due to coupling to leads is
Σˇα(ε) =
(
Λα(ε) 0
0 −Λα(ε)
)
+ i
(
Γα(ε) [fα(ε)− 1/2] −Γα(ε)fα(ε)
Γα(ε) [1− fα(ε)] Γα(ε) [fα(ε)− 1/2]
)
. (35)
5With this, we can calculate the GF G0 for the coupled level and find
Gˇ0(ε) =
1
G(ε) ×
(
ε− ε0 −
∑
α Λα(ε) + i
∑
α Γα(ε) [fα(ε)− 1/2] i
∑
α Γα(ε)fα(ε)−i∑α Γα(ε) [1− fα(ε)] −ε+ ε0 +∑α Λα(ε) + i∑α Γα(ε) [fα(ε)− 1/2]
)
.
(36)
Note that the off diagonals are given by the usual lesser and greater GFs as expected. In the wide-band limit the
denominator of the prefactor reduces to G(ε) = (ε− ε0)2 + (Γ/2)2.
B. GF for noninteracting lead
The Keldysh GF for noninteracting lead fermions in equilibrium is given by2
gˇk(ε) = P
1
ε− εk
(
1 0
0 −1
)
+ 2piiδ(ε− εk)
(
f(ε)− 1/2 f(ε)
−(1− f(ε)) f(ε)− 1/2
)
. (37)
In the wideband limit, the real part is thrown away.
C. Level-lead GF
The contour-ordered level-lead GF is given by
Gαd(τ, τ
′) =
∫
dτ1 gα(τ, τ1)tαG0(τ1, τ
′). (38)
In Keldysh space it can be written on the form
Gˇαd(ε) = tαgˇα(ε)σˇ3Gˇ0(ε). (39)
When multiplied by t∗α and summed over k this can be
expressed in terms of the coupling self-energy as∑
k
t∗αGˇαd(ε) = Σˇα(ε)σˇ3Gˇ0(ε). (40)
D. GF for damped plasmon
The bare GF for a plasmon with frequency ω0 is given
by
dˇ0(ω) =
(
d−−0 (ω) 0
0 d++0 (ω)
)
(41)
where d−−0 (ω) =
1
ω−ω0+iδ − 1ω+ω0−iδ = 2ω0ω2−ω20+iδ and
d++0 (ω) = −d−−0 (ω).
The self-energy due to damping mechanisms described
by a phenomenological damping rate γ is given by
Πˇdamp(ω) =
(−iγ [F (ω) + sgn(ω)/2] iγF (ω)
iγF (−ω) −iγ [F (ω) + sgn(ω)/2]
)
(42)
where F (ω) = |nB(ω)| and nB(x) = (eβx − 1)−1 is the Bose-Einstein distribution function (β = 1/kBT ). For the
damped plasmon GF, we then find
Dˇ0(ω) =
2ω0
D(ω)
(
ω2 − ω20 − 2ω0iγ [F (ω) + sgn(ω)/2] −2ω0iγF (ω)
−2ω0iγF (−ω) −ω2 + ω20 − 2ωiγ [F (ω) + sgn(ω)/2]
)
, (43)
where D(ω) = (ω2 − ω20)2 + 4ω20(γ/2)2.
IV. EXPRESSION FOR THE
NONINTERACTING QUANTUM NOISE
In the following, we derive an expression for the non-
interacting finite-frequency noise for the single-channel
contact considered in the main text. We consider here
the total noise
S< = S<LL + S
<
RR − S<LR − S<RL, (44)
and note that the current-current correlation func-
tion S<(t, t′) = 〈I(t′)I(t)〉 is the lesser component
of the contour-ordered correlation function S(τ, τ ′) =
〈TcI(τ)I(τ ′)〉.
The noninteracting quantum noise is given by the
6lesser component of the bare bubble diagram. Using the
Feynman rules for the self-energy above, we can write up
the expression for its lead-lead components and obtain
Sαβ(τ, τ
′) = 〈TcIα(τ)Iβ(τ ′)〉0
= − [t∗αt∗βGαd(τ, τ ′)Gβd(τ ′, τ) + tαtβGdβ(τ, τ ′)Gdα(τ ′, τ)− t∗αtβGαβ(τ, τ ′)Gdd(τ ′, τ)− tαt∗βGdd(τ, τ ′)Gβα(τ ′, τ)]
=
(
δαβΣα(τ, τ
′) +
∫
dτ1
∫
dτ2 Σα(τ, τ1)Gdd(τ1, τ2)Σβ(τ2, τ
′)
)
Gdd(τ
′, τ)
+Gdd(τ, τ
′)
(
δαβΣα(τ
′, τ) +
∫
dτ1
∫
dτ2 Σβ(τ
′, τ1)Gdd(τ1, τ2)Σα(τ2, t)
)
−
∫
dτ1 Σα(τ, τ1)Gdd(τ1, τ
′)
∫
dτ1 Σβ(τ
′, τ1)Gdd(τ1, t)−
∫
dτ1Gdd(τ, τ1)Σβ(τ1, τ
′)
∫
dτ1Gdd(τ
′, τ1)Σα(τ1, t).
(45)
Taking the lesser component of this expression, carrying out the transition to the real-time axis (using either Langreth
conversion rules4 or Keldysh GFs) and moving to frequency domain, we find that the finite-frequency noise can be
expressed in terms of the energy-dependent transmission function
T (ε) =
ΓLΓR
(ε− ε0)2 + Γ2/4 (46)
as
S<(ω) =
∫
dε
2pi
4T (ε) (1− T (ε+ ω))∑
α6=β
fα(ε+ ω) (1− fβ(ε)) + 4T (ε)T (ε+ ω)
∑
α
fα(ε+ ω) (1− fα(ε))
+
1
ΓLΓR
T (ε)T (ε+ ω)
∑
αβ
fα(ε+ ω) (1− fβ(ε))
(
δαβ
Γα
Γγ 6=α
ω2 − (1− δαβ)(4εω + 3ω2)
) . (47)
In the limit Γ  eV, ω, the terms in the second line go to zero. Thus, with the assumption Γ  eV, ω  kBT the
noise expression simplifies to
S<(ω) ≈ 4
∫
dε
2pi
[
T (1− T )
∑
α6=β
fα(ε+ ω) (1− fβ(ε)) + T 2
∑
α
fα(ε+ ω) (1− fα(ε))
]
=
4
2pi
[
T (1− T ) [F (ω + eV ) + F (ω − eV )] + 2T 2F (ω)
]
(48)
where T = 4ΓLΓR/Γ
2 is the transmission coefficient and
F (x) = xnB(x). This is in agreement with previous
works5,6. The factor of 4 in front of the parenthesis orig-
inates from the fact that the total noise is considered
here.
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